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AbstracLTwoenumerativefUnctionsareintroducedtogiveanewsolutiontotheproblemofnonassociativebina【y
palenthesizationOneoftheenumerativefimctionsresultsinanextensionoftheCatalannumber・
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１.Introduction
Intheenumerativecombinatorics，ｔｈｅＣａｔａｌａｎｎｕｍｂｅｒｈａｓｂｅｅｎｏｎｅｏｆｔｈeubiquitousandfascinating
numbers・ThenumberisindebtedtoaBelgianmathematicianEugeneCharlesCatalaｎ（1814-1894)fOrhis
effOrtinfUrtherdcvelopmentofLam61sproOfoftheEuler-Segnerproposition［1］TheCatalannumberis
relatedtoenumerationoftrees,parenthesizations,ballotsequences,latticepathsandpolygondissections・The
problemonthenumbergoesbacktothemiddleofthel8thcenturywhenSegnerandEulersolvedaproblemof
thetriangulationofapolygon．
TheCatalannumberC(")isdefinedfOrapositiveinteger〃aｓ
c(卿)竺志(諄)薑☆(２写）
thatcountselementsofasmanyas66sets,６typicalsetsofwhicharegivenbelow[2]．
（１）Planebinarytreeswith〃＋lendpointsor2"＋１vertices．
(2)Sequcncesjlら…j2"oflisand-1'swithi,＋j2＋…＋jﾉzOfOrallノandjI＋ら＋…＋i2"＝０
(3)Nonassociativebinaryparenthesizationsofastringof〃＋１１etters．
（4）Pathsintheは,y)planefrom(0,0)tｏ（2",O),withsteps（1,1)ａｎｄ(1,-1),thatneverpassbelowthe
X-ax1s．
（５）Pathsinthe（x,y）planefrom(0,0)tｏ（","),withsteps（1,0)ａｎｄ(0,1),thatneverpassabovetheline
y＝×.
（６）Dissectionofaconvex（"＋2)-goninto〃trianglesbydrawinglz-1diagonals,notwoofwhich
intersectintheirinterior．
Thepresentpaperisdevotedtothe3rdproblemofbinaryparenthesizaitionTwoenumerativefUnctions
fgor9Dareintroduced;genumerateselementsofasubsetofthesetwhoseelementsかounts・TheCatalan
numberisshownasarestrictionofgtoaspecialcase．
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2.EnumerativeFunctions
FortwointcgcrsA,〃suchthaMZ1,〃三0,anenumcrativefilnction/i(")isdefincdas
九(")竺辮{e=い…＠k)EN偽'｡,ｗ…十・F"｝
withthcsetofallnon-ncgativcintcgersNノi(")implicsthenumberofnon-negativeintegcrPointsonthe
A-1dimensionalhypelplanee,＋Ｂ２＋…＋ｅＡ＝凪
Proposition２．１．
、
/i(")=Ｚ九,(j)=/i(ﾙｰ')+ル("）
ｉ=０
Pro・fLetconsiderthcZcoefficientLvariablepolynomialringZ[x内…,jｒｌＪ
(……ト書ル澱…小腱…
since九(")implicsthcnumberofdifferellttemnsexceptfbrcocfficicntinthcexpansionof(xrM2＋…+ｴﾙ)〃
〃
/i(")=ヱノi-,(j）
ｉ=0
n-1
Thesecondcqualityisreadilyderivedby/i("-1)=ヱル(i)．
ｉ=０
Ⅱ
Pr叩osition22．
丸い)薑にliT1薑けり薑ルル，
Proofmlesolutionofe,＝〃leadsto巧(")＝１forＶ"ZOBymathcmaticalinductionoM，
帥ﾙｰ九仲喜(Ｗ）
since
(牡TI光(牡三2)化2〕
胴薑にIﾙｰ化１帖2)}~(Ｗ）
TheproofoftherestistriviaL Ⅱ
９ExtensionoftheCatalannumber
血("－１)＝川A)(PropThcrclationoM(")＝九("－１)＋几,(")inPropZ1yicldsTable2､ＬＦｒｏｍＡ
Ｚ２),thesubdiagonalsareresultedfromreflexionwithrespecttothediagonalofthetable．
Table2.1.TableoM("）（AcZ1,"ｚＯ）
Letgk(")beanenumerativefUnctiondcfincdaｓ
g血)竺撚{CEN北!+`2+…+`k=Ｍ１+`i釧十…+い"-j+1(i=2,3, 火｝
fbM三1,〃≧ｋ－１,orequivalently9Dk(")ａｓ
ｄｅｆの血)=g仰+k-1)=#{eENI1e]十．2+…+２１:="+k-1,
ｅ,+e'十!+…+＠Ａ≦"+k-j(j=2,3,…,k)）
ｆｂｒＡ三1,〃三0．
Proposition23．
〃＋１
９，k(")=ヱハ(j）
ｉ＝1
(AZ1,''三o）
=①&("-1)+のk-,("+1）（k三2,"ｚ１）
proofThedcfiningconditionsof9D血)isrewrittenas
e,＋ｅ２＋…＋eA-,＝〃＋Ａ－ｅＡ－１，
ｅｉ＋ごj+,＋…＋e腱_,≦〃＋ｋ－ｅｋ－ｊ(j＝2,3,…,A）
Ａ ， 〃 ０１２３４５
１
２
３
４
５
６
１１１１１１
＋＋＋＋＋
１－ヶ２－－ヶ３→４－ヶ５→６
＋＋＋＋
1３－＋６－ヶ10-つ15_1
１４
１５
１６
０
５
１
１
１
２
－士ｖ光－とＶ妬Ｉ士Ｖｎ
６一十筒と》
＋←＋←》
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ａｎｄｅＡ≦〃
SinceO≦ｅＡ≦〃，
〃 〃＋１
①k(")＝Z9Dk-I("-ek+')=ＺＬ,(i）
２A＝Ｏ ｉ＝1
Then，
〃
仏("--1)=Ｚ仇,(j）
ｉ＝１
Hencethesecondequalityisshown．
Proposition23isequivalentlyrcPrescntedintennsofg沖)asthefbllowingcorollary．
CoroUary2､4．
〃＋１
(1)ｇ他+k-1)=Zgk-1(j+k-2）
ｉ＝１
(厄1,"三o）
=gk("+k-2)+9k-,("+A-1）（kz2,"Ｚ１）
〃＋Ａ－１
(2)９k(")＝Ｚｇﾋｰ,(j）
ｉ＝A－１
(A三Ｍ三k-1）
=gA("－１)＋gk-化＋1） ﾛ(Az2,"三k）
For〃＝０，ＧA＝０．Then,byProp､Z3andCor､２．４(1)，
Proposition2S・ＦｏｒＡＤ三２，
の&(o)＝仏-,(1)．
gk(A－１)＝gA-,(A－１）
(1)
(2) ﾛ
Proposition2⑰．
州臺…-'ﾄ鵲(峠:いぃM三o） (1)
ProofFoM＝1,e,＝"､ThuMD,(")＝１（"ｚＯ)．
鵲(;)ゴ(2ndrighthandsideofEq.(1))＝
BymathematicalinductiononAand〃，supposethatthepropositionholdsｆＯｒＡ－１
Ｎｏｗ’た（三2)isfixedProveEq.(1)for▽"zOandfOrthefixedfByProp25，
(A三2)andfbrW三０．
９０k(O)＝の腱-,(1)Ｂｙｔｈｅ
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suppos1tlon，
T={if二７７(ＷｌＷ１)薑飛刺似-,(1)＝
since
(2(廿州二ij1Ef）
のⅢ縦緋(2ＷＨＷ）
Thus,thepropositionholdsfOr〃＝0．
ＢｙＰｒｏｐ､２３ａｎｄthesuppositionofinductionfOr〃－１ａＭＤａｎｄｆＯｒＶ〃ＺＯａｔｋ－１，
の沖)＝９０k("－１)＋仇,("＋1）
((蝿二Ｗﾙｰ'))T扁鶚f二万((州眺D-l}）＿("－１)＋１("－１)＋Ａ
薑南(川けり辮鶚(聯Ｗ-１
命(川阯')辨志CW-l）
薑(命辮帆綜ﾄ,１１(肝2けり薑鵲(肝2けり
①血)臺鵲|(川僻ＷＷ－１}臺鵲('Ｗ）
Thus，
Corollary2､７．
９"十!(")＝g"(")＝c("）（"ｚｏ）
ProofByProp､２Ｓ(2),ｇ"+](")＝g北)．
glg朴の仲念(詞〕
岡竿(２?光(穿ﾙ､(渭)‐(２時リ
since
ﾛg"(")＝ｃ("）
1２ YOshimitsulwAsAKI
AIternativeproof
g川Ｍ１‐☆(等)薑c化）
Fromthefirstprooffbllowsthefbllowingresult．
Proposition2B･Ｆｏｒ〃ｚ１，
c(咋急eI=， ﾛ
ThcfOllowingtablcof9Dk(")＝9k("+k-1）（
の&(")＝９０ルー1)＋仇,("＋1)with9Dk(O)＝０，A_,(1)，
astosatisfythebasicrelation．
k三1,"ｚＯ）isobtaincdbyusingthcbasicrclation
9o,(")＝１and90A(-1)＝Ｏ;herMDk(-1)＝OisdefinedSo
Table22.TablcoM(")＝gk("十k-1)(Az1,"三O）
Moreover,ｇ血)isrelatedto九(")asfbllows．
Ａ ， 〃 ０１２３４５６７
１
２
３
４
５
６
７
８
１
８
ｒ→／
１
７
５３
‐／一〆｜／い
‐／一／｝／『ｒ５
ｌｒ－／一／『／｝／２
‐／一〆｛／｝／｛〆｝／‐
／→／→〆一／｛ｒ｛／『／・
Ⅲ｛〆一／一〆一／一／『／『
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Proposition２．９．
g沖)＝("＋1)－(A－１）〃＋１ 九("）（A三1,"Ｚｏ）
Prooｆ
g仲g#(Ｍ１鶚ﾄﾙ筈三差三鵲(､-Ｗ(卜D）
(鰄芝T)_("＋1)－(ん－１） Ⅱ〃＋１
3.Parenthesization
ConsiderinthissectiontheproblemofnonassociativebinaryparenthesizationThebinaryparenthesization
isdetenninedoncealltheleftparenthesesaregiven;therightparenthesesareautomaticaUydecidedaccording
totheleftparenthesesfOrbinaryparenthesizationThus,itsufficestodiscusspositionsofleftparenthesesLet
awordconsistof〃＋１１etters，x1x2…ｘ"+,，andejdenotenumberofleftparenthesesposedbetweenxi-landxi
(i＝1,2,…,");hcre,xoisaghostlcttertemporarilyintroduccdtocxplaineI,ande"+lisomittedwithinhibition
ruleofparenthesizingalettersuchas(x"+,)Thebinaryparenthesization,then,requiresatleastthefbllowing
twoconditions：
（１）ｅ,＋e2＋…＋e"＝〃，
（２）ｅ"≦１．
Furthcrmorc,similarlyto(2)e2,e3,,…,e,m-lsatisfyei＋ej+,＋…＋e"≦〃－i＋１(2≦j≦〃－１).Then，
（２）ｅｊ＋ei+,＋…＋e"≦"－i＋１（2≦j≦"）．
Thebinaryparcnthcsizationsarccnumcratcdundcrthcconditionsof(1)and(2)．Thus,ｇ"(")ｃountssuch
parcnthcsizationsLctp("＋1)bcancnumerativcfUnctioncountingthcnonassociativcbinaryparenthesizations
ofastringoflength〃＋1．
Proposition３．１．
ｐ("＋1)＝仰(o)＝の"(1)
＝g腕+,(")＝g〃）
＝ｃ("）． Ⅱ
Fromtheabovediscussiontosolvctheparcnthesizationproblcmitisconcludcdthatgk(")ｏｒの他)is
regardedasanextensionoftheCatalannumber．
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